Abstract. Chemical ordering and clustering instabilities in alloys are governed by the Fourier transform of the effective pair interactions, V (k). We make use of a second-order-expansion formalism, based upon embedded-atom-method interatomic potentials, to calculate chemical and elastic contributions to V (k) for monolayer surface alloys on single-crystal substrates. It is demonstrated that the elastic contribution to V (k) is characterized by a finite slope at the origin, consistent with continuum models which predict that V (k) ∝ −|k| for small wavevectors. As a consequence, the global minimum in V (k) always occurs at finite k, and therefore compositional instabilities in ultrathin surface-alloy films are generally of an ordering (as opposed to clustering, k = 0) type.
Introduction
In the article 'Configurational thermodynamics of solid solutions' [1] , de Fontaine reviews how the stability of a disordered alloy solid solution with respect to chemical ordering or clustering can be analysed in terms of the Fourier transform of the Hessian of the free energy: 0 where δc(R) is the ensemble-averaged concentration deviation at site R, and the subscript 0 indicates that the Hessian is evaluated in the homogeneous solid solution phase (where δc(R) = 0 ∀R). At high temperatures, where the solid solution is thermodynamically stable, φ(R − R ) is positive definite, i.e., all of its eigenvalues are positive. As the temperature is lowered, a critical point is reached below which one or more of the eigenvalues of the Hessian becomes negative, indicating an instability with respect to composition modulation. Within mean-field theory, the critical wavevector k * characterizing this instability is determined by the global minimum of the Fourier transform of the effective-pair interactions (EPIs) [2] , V (k). In bulk solid solutions it has long been recognized (see, e.g., the 1969 work of Cook and de Fontaine [3] ) that k * is determined by a balance between 'chemical' and 'elastic' contributions to V (k), which describe the energetics of atomic swaps on a rigid lattice, and the relaxation energy associated with static atomic displacements, respectively.
∂ δc(R) ∂ δc(R )
Recently, the semi-empirical, embedded-atom-method approach was used to calculate V (k) for bulk late-transition-metal alloys within the formalism of a second-order expansion of the alloy energy [4] . Below we generalize this treatment to study the ordering energetics of monolayer alloy films on elemental single-crystal substrates. The present study is motivated by the commonly observed phenomenon of surface alloying in metal heteroepitaxial growth [5] [6] [7] . When one type of metal is deposited onto another, thin alloy layers typically form which are localized near the film-substrate interface. This trend has proven to be remarkably general, with surface alloying observed even in cases where the atomic constituents do not mix appreciably in the bulk [8, 9] . From an analysis of the chemical and elastic contributions to V (k) we will demonstrate below that ordering (as opposed to clustering) is generally energetically favoured in ultrathin surface alloys.
Method
In order to study the energetics of atomic ordering in surface alloys we will make use of slab geometries (see figure 1) , embedded-atom-method (EAM) [10, 11] interatomic potentials, and a second-order-expansion (SOE) formalism [4] . The slab geometries used in this work are illustrated in cross section in figure 1(a) . They consist of a total of 2T + 1 layers, with a monolayer of surface alloy (red and blue circles in figure 1(a) ) on the top and bottom, capping 2T − 1 layers of substrate (green circles in figure 1(a) ) atoms. The regions above and below the slabs are vacuum.
The positions of the atoms in the slab are given as R + u(R), in terms of 'ideal' lattice postions R, defined below, and displacements u(R). The atomic configurations in the surfacealloy layers are specified by site-composition variables c(R) equal to one or zero, depending upon which atom type is associated with site R. In the SOE approach the energy is expanded to second order in the displacement and composition variables. The expansion is carried out with respect to a reference state, illustrated in figure 1(b) , in which the individual (red and blue) surface-alloy atoms are replaced by 'virtual' (grey) atoms. Associated with these virtual atoms are interatomic potentials which are concentration-weighted averages of those corresponding to the two different atom types in the alloy, as described in detail in [4] . The ideal lattice sites R are defined as the equilibrium atomic positions in the reference slab.
Formally, the second-order expansion of the energy can be written as follows:
where E 0 represents the energy of the 'virtual-atom' reference state, summation over repeated Cartesian indices α and β is implied, and the ideal lattice positions (R) have been labelled by a layer index (l) and a position vector (r l ) within the layer. In equation (1) δc l (r l ) = c l (r l ) −c is the deviation of the composition variable at a given site from the average concentrationc within the surface-alloy layer. δc l (r l ) is defined as zero for substrate atoms (we do not consider atom exchanges between the surface alloy and substrate layers). The second expression on the right-hand side of equation (1) represents the leading-order term in the Taylor-series expansion of the energy of the slab ( figure 1(a) ) with respect to that of the reference state ( figure 1(b) ).
is the second derivative of the energy with respect to the local composition variables, and the subscript 0 indicates that derivatives are evaluated in the reference state. If either l or l are substrate layers θ is defined to be zero, and provided T is large (thick slabs) θ also vanishes unless l and l are equal to the same surface-alloy layer.
is the α-component of the force on an atom in layer l , at r l which arises from a deviation of the concentration from its average value at site r l in the surface-alloy layer l (ψ α,l,l (r l − r l ) is again defined to be zero unless l is a surface-alloy layer). φ α,β,l,l (r l − r l ) is the force-constant matrix of the reference-state slab illustrated in figure 1(b) . From equation (1), the equilibrium energy corresponding to a given surface-alloy configuration can be determined by minimizing with respect to the atomic displacements. Specifically, by imposing the condition of mechanical equilibrium [∂E/∂u l (r l ) = 0 ∀l, r l ], the energy can be rewritten as follows:
where the first sum on the right-hand side is over the two surface-alloy layers, and φ
is the inverse of the force-constant matrix. By making use of a two-dimensional Fourier transformation, equation (2) can be simplified further:
where n is the number of unit cells per layer, and
From equations (1) and (2) it can be seen that the first and second terms on the right-hand side of equation (4) are the 'chemical' and elastic (relaxation) contributions to the Fourier transform of the EPIs.
Below we present results for the energetics of bulk and surface Cu-Ag alloys, computed using the formalism described above. In the application of this formalism, we have used the EAM potentials of Foiles et al [11] . The details concerning the calculation of the terms E 0 , θ, ψ and φ within the EAM are given in [4] . The results presented below for surface alloys were obtained with 101-layer slabs (T = 50 in figure 1 ).
Results and discussion
In figure 2 we show calculated values of V (k) for surface ( figure 2(a) ) and bulk ( figure 2(b) ) equiatomic Cu-Ag alloys. Results are plotted for values of |k| varying between zero and the Brillouin-zone boundary along the high-symmetry direction of a primitive reciprocal-lattice vector (G 1 ); for both surface and bulk Cu-Ag alloys these directions contain the global minimum in V (k). The surface-alloy results were obtained for Cu-Ag on a Pd(111) substrate. This choice of substrate was motivated by the experimental studies of Cu-Ag/Ru(0001) performed by Stevens and Hwang [9] ; similar to the (0001) surface of Ru, Pd(111) is close-packed and is characterized by a nearest-neighbour spacing intermediate between that of pure Cu and Ag.
The results for bulk Cu-Ag in (figure 2(b)) are qualitatively similar to those previously discussed for other size-mismatched bulk systems (e.g. [4] ). The chemical contribution to V (k) (red line) is analytic everywhere, and the limiting value of the relaxation contribution to V (k) attains a minimum as |k| → 0 along a given direction. From a comparison between the red lines in figures 2(a) and (b) it is clear that the EAM predicts only small differences between the chemical interactions for Cu-Ag in the bulk and on a Pd(111) surface. A similar comparison of the results plotted with blue lines shows that the nature of the k = 0 singularity in the elastic contribution to V (k) is qualitatively different for surface alloys as compared to their bulk counterparts. In particular, the elastic contribution to V (k) for the surface alloy is characterized by a finite slope at the origin. Since V (k) = V (−k) for finite |k|, this implies a slope discontinuity for V (k) at the origin.
The main features characterizing the elastic contribution to V (k) in figure 2(a) can be understood by considering the energetics of laterally 'striped' surface-alloy structures A p B p , consisting of p layers of atom type A followed by p layers of B along a particular direction on the substrate C. Associated with such a striped phase is a fundamental Fourier component of the composition modulation with wavevector |k| = 2π/2dp, where d is the interlayer separation. By making use of the continuum elasticity model of Marchenko [12] , the formation energy E(p) of an A p B p striped structure on an isotropic substrate C can be written for large p (small |k|) as follows [13, 14] :
where I C is a chemical interfacial energy (which may be either positive or negative), and the second term on the right-hand side is the elastic relaxation energy associated with the array of interfaces between regions of pure A and B. In the expression for the elastic relaxation energy, (σ A/C − σ B/C ) is the difference between the surface stresses associated with films of pure A and B on C, ν and µ are the Young's modulus and Poisson ratio associated with the isotropic substrate, respectively, and b is the cutoff distance smaller than which elastic continuum theory no longer applies (analogous to a core radius in dislocation theory). The second term on the right-hand side of equation (5) corresponds to an elastic contribution to V (k) which decreases linearly with |k| near the origin [13, 14] , consistent with the results plotted in figure 2(a) . Equation (5) holds only for striped phases with large p. As p decreases (increasing |k|), overlapping strain fields lead to a short-ranged elastic repulsion between A/B and B/A interfaces, analogous to the case of surface steps [15] . The competition between the shortranged elastic repulsion of interfaces and the relaxation energy associated with individual interfaces gives rise to a finite p minimum in the elastic contribution to E(p), and a finite |k| minimum in the elastic contribution to V (k), as shown in figure 2(a) . We have performed EAM calculations for a number of surface-alloy systems and in each case we have found that the minimum elastic contribution to V (k) occurs for values of |k| equal to roughly 0.1 in units of 2π/a, with a the surface lattice constant. In cases where the chemical interactions favour phase separation (i.e. a minimum at k = 0), this implies that the global minimum of the total V (k) will be for |k| intermediate between 0 and 0.1, implying the stability of long-period striped superstructures with unit cells spanning roughly 10 or more lattice constants.
In figure 3 (a) the calculated elastic and chemical contributions to the EPIs for Cu-Ag/Pd(111) are plotted as a function of distance in real space. The total interactions (black circles) are predicted to be rather weak by the EAM. The small value of the nearest-neighbour EPI results from a near cancellation of the much larger chemical and elastic contributions, plotted with red and blue circles, respectively. While the chemical EPIs decay very rapidly in real space, the elastic pair interactions are characterized by a long-ranged tail, which is plotted on a different scale in figure 3(b) . The dashed line in figure 3(b) is consistent with a R −3 dependence characteristic of interacting elastic dipoles. The EAM-SOE results for the elastic interactions are found to be consistent with this asymptotic behaviour at large distances.
To summarize, we have presented the results of an EAM-SOE analysis of the effective pair interactions characterizing the mixing energetics of monolayer surface alloys on single-crystal substrates. It is demonstrated that the minimum of the Fourier-transformed EPIs is governed by a competition between elastic and chemical contributions to V (k). For the Cu-Ag/Pd(111) system considered here these contributions are of comparable magnitude. It is demonstrated that the elastic contribution to V (k) is qualitatively different for surface alloys as compared to their bulk counterparts. In particular, for surface alloys this contribution is characterized by a finite slope at the origin, ensuring that the minimum in the total V (k) is always displaced from the origin. As a consequence, chemical instabilities and short-range order in surface alloys should generally be of ordering (i.e. finite |k|) type.
